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We present the 1-loop renormalization of the energy momentum tensor using the overlap fermion
and a HYP-smeared Iwasaki gauge action. We also calculate the 1-loop matching coefficient that
convert the lattice simulation results renormalized in the RI/MOM scheme to the MS scheme. The
dependence of the renormalization on the gauge action and the number of HYP smearing steps are
also investigated.
I. INTRODUCTION
The energy momentum tensor (EMT) of QCD is cen-
tral to our understanding of both the nucleon momentum
as well as the nucleon angular momentum, particularly
in understanding how the nucleon’s momentum structure
is built from the contributions of quark and gluon fields.
Nearly two decades ago, Ji developed a gauge and frame
independent decomposition of the proton spin where the
quark and gluon augular momenta are constructed from
the EMT of the Belinfante form [1]:
J iQ,G = 〈P, S|
∫
d3x ijkxjT {0k}Q,G |P, S〉, (1)
T {0k}Q =
1
4
ψ¯γ{0
←→
D k}ψ, T {0k}G = klmElBm,(2)
where ijk is the Levi-Civita tensor, TQ,G is the
quark/gluon EMT, and E and B are the color- elec-
tric and magnetic fields. The covariant derivative Dµ =
∂µ − igAµ, and “{· · · }” in the superscript denotes the
symmetrization of indices. Another related decomposi-
tion is that of the momentum fraction in the proton
〈x〉Q,G = 〈P, S|
∫
d3x T {0i}Q,G |P, S〉/Pi, (3)
where pi is the momentum of the proton along the spatial
direction i.
Using Lorentz covariance, the matrix element of the
EMT can be parametrized as
〈P ′, S′|
∫
d3x T {µν}Q,G |P, S〉 =
1
2
U¯(P ′, S′)[
TQ,G1 (q
2)γ{µP¯ ν} +
i
2M
TQ,G2 (q
2)P¯ {µσν}αqα
+
1
M
TQ,G3 (q
2)(qµqν − gµνq2) +MTQ,G4 gµν
]
U(P, S),
(4)
where P¯ = (P + P ′)/2, q = P − P ′, M is the nucleon
mass and TQ,Gi (q
2) are frame independent form factors
which can be related to both the momentum and angular
momentum fractions by [1],
〈x〉Q,G = TQ,G1 (0), JQ,G =
1
2
[TQ,G1 (0) + T
Q,G
2 (0)].(5)
Lattice QCD is the only practical method for model-
independent predictions of the above quark and gluon
fractions. After lattice simulation, a non-trivial matching
from bare quantities under the lattice regularization to
the MS scheme under dimensional regularization is still
required. The computation is complicated by the fact
that the quark and gluon EMT operators mix with each
other as well as other gauge variant operators. These
additional mixings make the 1-loop calculation, espe-
cially the gluonic sector, non-trivial. The calculations
[2–4] employing Wilson fermions and Wilson gluons were
completed even before Ji’s decomposition. Since then,
however, there has been limited progress and the inter-
ests of the lattice community have been concentrated on
the renormalization of the quark sector. This is partially
due to the fact that the gluonic matrix elements in the
nucleon are noisy and only recently are these matrix el-
ements becoming available [5–7]. For the quark sector,
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2there do exist calculations for more complicated actions
[8] at 1-loop level, and non-perturbative renormalization
schemes have been developed for the quark bilinear op-
erators [9] which have been used in many recent calcula-
tions .
The recent capability of the computer clusters allows
lattice QCD simulations to obtain the gluonic matrix ele-
ments in the nucleon with an uncertainty at the 20% level
or better (see Refs. [5, 6, 10]). This new precision has in-
creased the relevancy of computing the renormalization
and mixing of the gluon operators. The full calculation
has been revisited in Ref. [11] for Wilson fermions and a
gluon operator defined by the overlap fermion action [12].
The focus of this work is both on the overlap fermion [13]
as well as the clover definition [4] of the gluon operator
with several HYP [14]smearing steps.
This paper is organized as follows, in section II, we re-
view the basic matching strategy which connects the bare
quantities computed on the lattice to those renormalized
under the MS scheme. We also describe our approach to
compute the 1-loop integrals numerically with a lattice
regularization. A brief discussion of the Feynman rules
for lattice perturbative theory is presented at the end of
section II. In the interest of brevity, the lengthy Feyn-
man rules which have been listed in previous references
are not reported here. Instead, we list the references and
the corresponding equations where they can be found.
In the first and second part of Section III, we present
the renormalization of the quark and gluon self-energies,
and the 2x2 mixing matrix of the off-diagonal quark and
gluon EMT. In section IV, we list the final results and
end the paper with a short discussion regarding the non-
perturbative matching calculation.
II. NUMERICAL DETAILS
A. Matching from the bare lattice quantity to that
in the MS scheme
The strategy of matching the bare lattice quantity to
that in the MS scheme described in Ref. [15] is to calcu-
late the 1-loop matrix elements on the lattice as well as
in the continuum,
〈p|Olati |p〉 =
∑
j
Rlatij 〈p|Otreej |p〉
=
∑
j
(
δij +
g20
16pi2
(− γij log(a2p2)
+Blatij (a
2p2))
)
〈p|Otreej |p〉+O(g40),
〈p|OMSi |p〉 =
∑
j
RMSij 〈p|Otreej |p〉
=
∑
j
(
δij +
g2
MS
16pi2
(− γij log( p2
µ2
) +BMSij )
)
〈p|Otreej |p〉+O(g4MS), (6)
where Rij are the mixing coefficients at the quantum
level, p2  (pi/a)2 is the infrared cutoff and the finite
piece Blatij with the lattice regularization can be expanded
as a polynomial in a2p2, Blatij (a
2p2) = B
(0)
ij + O(a
2p2).
The exact value of B
(0)
ij is sensitive to the lattice quark
and gluon actions employed in the calculations.
Then we can convert the lattice matrix element into
that in the MS scheme with
〈p|OMSi |p〉 =
∑
ij
RMSik (R
lat
kj )
−1〈p|Olatj |p〉
=
∑
ij
ZMSij 〈p|Olatj |p〉+O(a2p2), (7)
where ZMSij = δij +
g20
16pi2
(
γij log(a
2µ2) + BMSij − B(0)ij
)
+
O(g40) is the effective renormalization matrix of the lat-
tice matrix elements in the MS scheme. We ignored the
difference between g20 and g
2
MS
since it is of the higher
order in g20 , and will just use the notation g
2 in the fol-
lowing discussion. The residual finite piece BMSij − B(0)ij
is generally non-zero, and introduces a O(g20) corrections
on 〈p|Olatj |p〉 besides the standard O(a2) corrections.
The logic of the non-perturbative lattice renormaliza-
tion is similar [9]. The matrix element 〈p|Olati |p〉 can
be calculated non-perturbatively, and decomposed into
the parts proportional to the tree level matrix elements
〈p|Otreej |p〉, then the coefficients are the non-perturbative
results of Rlatij (a
2p2). The calculation is repeated in the
continuum perturbatively with higher loops corrections
to obtain more accurate RMSij as a function of the IR reg-
ulator p2. Then one can combine Rlatij (a
2p2) and RMSij to
obtain ZMSij as a function of a
2p2, and an extrapolation
of a2p2 is applied on ZMSij (a
2p2) to minimize the O(a2)
corrections.
Such a strategy is equivalent to calculating the lat-
tice renormalization constant Zlatji (µR, a
−1) under the
RI/MOM scheme,∑
i
Zlatji (µR, a
−1)〈p|Olati |p〉|p2=µ2R = 〈p|O
tree
j |p〉 (8)
and convert it into that under the MS scheme,
ZMSij =
∑
k
RMSik Z
lat
kj , (9)
since Zlatji (µR, a
−1) is just (Rlatkj (a
2p2)|p2=µ2R)−1.
B. Calculation strategy
For the 1-loop continuum perturbative theory (CPT)
calculation, we use the newest version of the mathematica
package, package-X [16]. This package can provide the
analytic expressions of the Lorentz covariant integrations
under dimensional regularization with very good perfor-
mance. Compared with version 1.0, package-X version
32.0 (currently in beta) can handle integrations with re-
peated denominator factors (like (p2+m2)2). As a result,
it is capable of handling the ξ-dependent part efficiently.
For lattice perturbative theory (LPT), an algorithm to
obtain high precision 1-loop results has been developed
[17]. We do not employ this algorithm here since such
high precision is not necessary for the renormalization
of the lattice simulation we study. For example, if we
consider a case where the lattice spacing is a ∼ 0.1 fm,
then g2 ∼ 3 so that the finite piece in the 1-loop correc-
tion is proportional to is αs/(4pi) ∼ 0.02. If we suppose
the finite pieces contributing to the two-loop correction
is as large as the 1-loop correction, we can expect it to
contribute to the systematic uncertainty at the order of
4 × 10−4. The precision of a modern lattice simulation
for the matrix elements in the proton is, at best, at the
0.5% level. So BQQ with around 0.01 uncertainty (or
0.02% in the renormalization constant when the factor
α/(4pi) is included) is well within the precision require-
ments of modern lattice simulations. Because of this,
many numerical integrators on current market will sat-
isfy our recision requirements at the 1-loop level. We
have found that a fast and desirable choice is the numer-
ical integrator in Mathematica using the ClenshawCur-
tisOscillatoryRule option. In practical tests, it performs
integrations nearly 10 times faster than the well-known
Monte Carlo integrator, Vegas.
Let us take the case of quark EMT operator
T {µν}Q,(0) = ψ¯(p)(
γµpν + γνpµ
2
− 1
4
gµνp/)ψ(−p) (10)
with the Wilson fermion and Wilson gauge action as an
example. It is trivial to confirm from CPT that the bare
quark operator T {µν}q,bare under the lattice regularization
has the following form,
T {µν}Q,bare =
(
1 +
g2CF
16pi2
[A log(a2p2) +B]
)
T {µν}Q,(0)
−g
2CF
16pi2
C
pµpν
p2
ψ¯p/ψ +O(g4). (11)
where A = 8/3 and C = 4/3 − ξ are universal in
both CPT and LPT, and Ref. [15] provides that B =
−3.16486 + ξ for the Wilson fermion and gluon action.
For the case of µ 6= ν, one can contract Eq. (11) with γν
to obtain the renormalization factor as:
Z(p) ≡
Tr[γν .T {µν}Q,(0) ]
Tr[γν .T {µν}Q,bare]
= 1− g
2CF
16pi2
Iν(p),
Iν(p) =
8
3
log(a2p2)− 3.16486 + ξ − 4− 3ξ
3
2(pν)
2
p2
,
(12)
where we have amputated the external legs of the EMT,
and the index ν is not summed.
In this work, we do the numerical integration I1(p) for
16 external momenta, p(i) = (0.003 ∗ 1.1i, 0, 0, 0) (i =
0, ..., 15), and fit the results to the following functional
form (an overall factor g2CF has been dropped),
f0(a
2p2) =
1
16pi2
[A0Log(a
2p2) +B0], (13)
an analytic computation of A0 gives a value for A0 to be
8/3. The value we obtained is 2.6666.
After computing all integrations, we fit the results to
the following functional forms,
f1(a
2p2) =
1
16pi2
[
8
3
Log(a2p2) +B1 + C1a
2p2],
f2(a
2p2) =
1
16pi2
[
8
3
Log(a2p2) +B2 + C2a
2p2 +D2a
4p4],
f3(a
2p2) =
1
16pi2
[
8
3
Log(a2p2) +B3 + C3a
2p2 +D3a
4p4
+E3a
6p6], (14)
and estimate the finite piece by taking B2 as the central
value. The uncertainty of each finite peice is estimated in
two ways. First, by the variance of B1,2,3 and the second
by the averaged bias of the fit,
σ =
√∑
i=1,2,3;j=0,...,N−1(fi(p(j))− I(p(j)))2
3N
(15)
where N=16 is the number of independent momenta val-
ues used. We added each uncertainty in quadrature,
and took this value to be the final uncertainty estimate.
The final value we obtain is B0 = −3.1654(12), which
agrees perfectly with the value quoted in Eq. (12). In
addition, we computed this value using the momenta
p(i) = (0.003 ∗ 1.1i, 0, 0.003 ∗ 1.1i, 0) (i = 0, ..., 15), and
obtained a consistent estimate -3.1646(6).
As an additional check, we consider the mixing coeffi-
cient C = 4/3 − ξ. We can repeat the calculation with
the momenta p(i) = (0.003 ∗ 1.1i, 0.003 ∗ 1.1i, 0, 0), (i =
0, ..., 15) and two values of the gauge parameter ξ= 0, 1.
Since only one gluon propagator is involved in the loop in-
tegrations, we expect that the dependence on ξ be linear.
The estimate of the finite piece is -4.4986(6)+2.0004(8)ξ
and then that of C is 1.3336(8)− 1.0002(4)ξ, again con-
sistent with the accurate value 4/3− ξ.
In all computations that follow, we keep two digits af-
ter the decimal point. This is sufficient given the present
precision of the Lattice QCD simulation.
C. Feynman diagrams and rules
.
The Feynman diagrams needed for the 1-loop calcula-
tion of the self-energy and the EMT vertices corrections
are listed in Fig. 1 and 2 respectively. Note that in
the continuum, the diagrams A0.II, A1.I, A1.VI, B00.IV,
B01.IV, B01.V, and B10.II do not exist and the contri-
butions from the diagrams A1.IV, B11.IV and B11.V are
zero (since they are independent of the momentum on
the external legs).
4FIG. 1. The diagrams of the quark/gluon self-energies. Only
the diagrams A0.I, A1.II, A1.III, A1.V are left in the contin-
uum calculation.
The LPT Feynman rules used in our computations can
be found in the following references:
1. Wilson fermion: Eq. (5.74), (5.76) and (5.78)
in Ref. [15].
2. Overlap fermion: Eq. (95-100) in Ref. [18]
3. Chiral fermion Dc: The Feynman rules of the
propagator, qqg and qqgg vertices with the chiral fermion
Dc ≡ Dov/(1 − 1/(2ρ)Dov) which satisfies {γ5, Dc} = 0
are:
SDc = SDov − 1
2ρ
,
V Dc1µ (p1, p2) =
1
1− 12ρDov(p1)
V Dov1µ (p1, p2)
1
1− 12ρDov(p2)
,
V Dc2µν(p1, p2, k1, k2) =
1
1− 12ρDov(p1)
[
V Dov2µ (p1, p2, k1, k2)
− 1
4ρ
V Dov1µ (p1, p1 + k1)
1
1− 12ρDov(p1 + k1)
V Dov1ν (p1 + k1, p2)
− 1
4ρ
V Dov1ν (p1, p1 + k2)
1
1− 12ρDov(p1 + k2)
V Dov1µ (p1 + k2, p2)
]
1
1− 12ρDov(p2)
. (16)
where SDov = 1/Dov, V
Dov
1µ (p1, p2) and
V Dov2µ (p1, p2, k1, k2) are the Feynman rules for the
propagator, qqg and qqgg vertices respectively with the
standard overlap fermion Dov [18].
One can check that the quark-glue mixings with the Dc
action are identical to that with the Dov action, and the
renormalization of the Dc quark bilinear operators are
the same as the overlap in the ap 1 limit. However we
have found that the finite pieces from diagrams involving
a quark loop contributing to the gluon self-energy are
different for the Dc and Dov cases.
4. Wilson and Iwasaki gluon: The Feynman rules
of the generic O(a2) improved gluon are listed in Eq.
(A.8-A.31) of Ref. [19]. The Wilson gluon action with-
out any O(a2) improvement corresponds to the case
c0 = 1, c1 = 0 and the Iwasaki action which has such an
improvement corresponds to c0 = 1 − 8c1, c1 = −0.331.
We confirmed that the 4-gluon vertex in Eq. (A.19) of
Ref. [19] is equivalent to that in Eq. (5.28) in Ref. [15],
with proper combination in Eq. (A.7) of Ref. [19].
5. Covariant ghost : Eq. (5.66-5.68) in Ref. [15].
6. HYP smearing : Equations in Sec. 3 of [14].
For the lattice simulation, the gluon field was fattened
with one step of the HYP smearing for both the quark
EMT operator and the inversion of the quark propaga-
tors. Five steps of HYP smearing were used for the glue
EMT operator. We employed the Iwasaki gauge action
for all calculations, and we note here that no reweighting
was applied to the configurations. For the perturbative
matching calculations, since the gauge action was left
unchanged, we apply the projection operator derived in
Ref. [14]. One step of HYP smearing corresponds to ap-
plying this projection operator once at each quark-gluon
vertex, and five times for the glue EMT operator. No
HYP smearing was applied to the Feynman rules for the
3-gluon and 4-gluon vertices of the gluon action, due to
the fact that the gluon action is not HYP smeared.
7. Quark and gluon EMT operator : The expres-
sions for both the tree level and O(g) vertices of the
quark and gluon operators can be found in Eq. (A.5-A.8)
of Ref. [4]. We note that the O(a) corrections outlined in
Eq. (A.5-A.8) of Ref. [4] were dropped in this work since
we do not apply any improvement to these operators.
The Feynman rule for the quark O(g2) vertex is,
Oqµν |g2(p, p, k, k) =
−ia/2g2
∫ pi
−pi
ψ¯(p)γµsin(apν)Aν(k)Aν(−k)ψ(p).(17)
The corresponding Feynman rules for the twist-two
EMT gluon operator are more complex, however. The
Feynman rules of the gluon EMT operator can be ex-
5FIG. 2. The diagrams of the one loop corrections of the EM tensor. Four sub-panels for the quark operator renormalization,
the mixing from the gluon operator to that of quark, and so on. Note that in the ConPT, the diagrams B00.IV, B10.IV, B10.V,
B01.II are not exist and the contribution from B11.IV and B11.V are zero.
pressed as,
OGµν = GµρGρν = O
G,(0)
µν + g
1OG,(1)µν + g
2OG,(2)µν +O(g
3)
(18)
with
OG,(0)µν = G
(0)
µρG
(0)
ρν , (19)
OG,(1)µν = G
(0)
µρG
(1)
ρν +G
(1)
µρG
(0)
ρν , (20)
OG,(2)µν = G
(0)
µρG
(2)
ρν +G
(1)
µρG
(1)
ρν +G
(2)
µρG
(0)
ρν , (21)
where Gµν =
∑
i g
iG
(i)
µν . The expression of O
G,(0)
µν and
O
G,(1)
µν are listed in Ref. [4] and then we can deduce the
form of G
(0,1)
µν as
G(0),aµν (q1) =
1
a
(Aaµ(q1)cos
q1µ
2
sinq1ν −Aaν(q1)cos
q1ν
2
sinq1µ) , (22)
G(1),aµν (q1, q2) = fabcA
b
µ(q1)A
c
ν(q2)
[1
2
(cos
q1µ
2
− cosq1µ + 2q2µ
2
)(cos
q2ν
2
− cosq2ν + 2q1ν
2
)− cosq1µ + 2q2µ
2
cos
q2ν + 2q1ν
2
]
+
1
2
fabc
(−Abµ(q1)Acµ(q2)sinq1µ + 2q2µ2 sinq2ν2 +Abν(q1)Acν(q2)sinq1ν + 2q2ν2 sinq2µ2 ) . (23)
where the superscipt a in G(0,1),a is the color index. But
G
(2)
µν is very complicated and is not shown in Ref. [4].
The gluon O(g2) vertex we need is O
G,(2)
µν = G
(0)
µρG
(2)
ρν +
G
(1)
µρG
(1)
ρν +G
(2)
µρG
(0)
ρν . The vertex has four gluon external
legs, appearing in the tadpole diagram B11.IV of Fig. 2
which contributes to the vertex correction of the gluon
EMT operator. We can’t obtain its whole contribution
since we don’t know the expression of G
(2)
µν . However, the
general color structure of the terms in the OG,2µν expres-
sion are known [4, 15],
G(1)µρ (q1, q2)G
(1)
ρν (q3, q4) = fabcfadeF1,αβγδµν(q1, q2, q3, q4)A
b
α(q1)A
c
β(q2)A
d
γ(q3)A
e
δ(q4),
G(0)µρ (q1)G
(2)
ρν (q2, q3, q4) =
(
fabcfadeF2,αβγδµν(q1, q2, q3, q4)
+Tr[{T b, T c}{T d, T e}+ (c↔ e) + (d↔ e)]F3,αβγδµν(q1, q2, q3, q4)
)
Abα(q1)A
c
β(q2)A
d
γ(q3)A
e
δ(q4). (24)
where F1 can be obtained from Eq. (22) and we need to estimate the contribution from F2 and F3. The contri-
6bution of the F1 and F2 are proportional to Nc and that
of F3 is proportional to
2N2c−3
Nc
.
A. The contribution of the F2 term: In the Wil-
son gluon case, the joint contribution of F1 and F2 is
known [4], and the contribution of the F1 term can be
calculated. We can take the difference to get the con-
tribution of the F2 term and it is 0.389 of that of the
F1 term. Supposing the O(a
2) improvement of the gluon
action and the HYP smearing does not change this ratio,
we can obtain an estimate of the contribution of the F2
term by multiplying the same factor 0.389 on the F1 term
contributions.
B. The contribution of the F3 term: The four gluon
vertex in the gluon action also has a part with the same
color structure as that in front of F3, and it contributes
to the gluon self-energy (the corresponding Feynman dia-
gram is the diagram A1.IV of Fig. 1). That contribution
to the gluon self-energy, is exactly -1/2 of the F3 term
contribution in the gluon vertex correction. If we use
the same assumption as the F2 case, we can calculate
those contribution in the glue self-energy case but with
the improved action (and/or applying the HYP smearing
on the external legs of the O(g4) term of the action), and
multiply -2 to estimate the contribution of the F3 term
in the gluon vertex correction.
The uncertainties in the F2 and F3 terms are taken to
be 100% and are added together in quadrature.
III. RESULTS
A. Self energies
In CPT, the ratio
RMSQ ≡
〈ψ¯MSψMS〉
〈ψ¯treeψtree〉 , R
MS
G ≡
〈AMSAMS〉
〈AtreeAtree〉 , (25)
for the quark and gluon self-energy are
RMSQ = 1 +
g2CF
16pi2
[(1− ξ)log(µ2/p2) + 1− ξ] +O(g4),
RMSG = 1 +
g2
16pi2
[Nf
(2
3
log(µ2/p2) +
10
9
)
−Nc
(
RMSG,g +R
MS
G,c
)
], (26)
where RMSG,g/c is the contribution from the gluon/ghost
diagram respectively. For the part proportional to pµpν
in the 1-loop matrix element,
RMSG,g = −
g2
16pi2
[
1
6
log(µ2/p2) +
5
18
],
RMSG,c =
g2
16pi2
[
11 + 3ξ
6
log(µ2/p2) +
134− 36ξ + 9ξ2
36
].(27)
and for the part proportional to gµνp2,
RMSG,g =
g2
16pi2
[
1
12
log(µ2/p2) +
2
9
],
RMSG,c =
g2
16pi2
[
19 + 6ξ
12
log(µ2/p2) +
116− 36ξ + 9ξ2
36
].(28)
Combining all results above leads to a single term propor-
tional to gµνp2 − pµpν , as required by gauge sysmmetry,
RMSG,g +R
MS
G,c =
10 + 3ξ
6
log(µ2/p2) +
124− 36ξ + 9ξ2
36
.(29)
The ratio Rlat defined similarly can be expressed in
terms of the loop integrations,
RlatQ = 1− g2CF fQ +O(g4)
RlatG = 1− g2NfffG − g2NcfG +O(g4), (30)
where the loop integration fQ is defined by the projection
operation,
fQ =
1
4p0
Tr[(IA0.I(p) + IA0.II(p)).γ0]. (31)
Here IX is the loop integration based on the subpanel X
in Fig. 1 and p = (, 0, 0, 0) with several different values
of  to apply the scheme described in Sec. II B. However,
the ffG and fG case are less straightforward. In these
cases we are interested in the pieces proportional to gµν
but it is known that a power divergence appears here
which affects the precision of the finite piece we want.
Suppose the following function f(p
2) can be written as
f(p2) =
∆
p2
+ALog(p2) +B (32)
where ∆, A and B are constants, then we can fit
∂
∂p2 (p
2f(p2)) instead of f(p2) itself with the strategy
described in the previous section, to extract A and B
without touching ∆ which includes the power divergence.
With these manipulations, we find
ffG =
∂
∂p2
(
I11A1.I(p) + I
11
A1.II(p)
)− 1
16pi2
2
3
,
fG =
∂
∂p2
∑
i=III,IV,V,V I
I11A1.i(p) +
1
16pi2
10 + 3ξ
6
, (33)
where Iρ,τX is the loop integration based on the subpanel
X of Fig. 1 and the Lorentz indices of the external legs
are ρ and τ . The momentum components pρ and pτ on
the external legs should be zero to avoid the mixing with
the term proportional to pρpτ .
The final renormalization constants in the MS scheme
are,
ZMSQ = 1 +
g2CF
16pi2
[(1− ξ)log(a2µ2) +BQ + 1 + 3.79ξ]
+O(a2p2) +O(g4),
ZMSG = 1 +
g2
16pi2
[Nf
(2
3
log(a2µ2) +
10
9
+BfG
)
−Nc
(10 + 3ξ
6
log(a2µ2) +BG +
31
9
+ 6.60ξ)
)
]
+O(a2p2) +O(g4), (34)
where BQ, B
f
G and BG are sensitive to the quark and
gluon actions used. The values in different cases are listed
7in Table I. In the Table I, BG is split into two pieces
BG = B
t
G +
2N2c − 3
24N2c
BsG (35)
where the first term is the contribution from the color
structure 2δcdTr[T a, T c][T d, T b] = δabNc in the contin-
uum, and the second term is that from the additional
color structure δ
cd
4! Tr[{T a, T b}{T c, T d}+ (b↔ d) + (b↔
d)] = δab
2N2c−3
24Nc
from the lattice regularization.
TABLE I. The finite pieces BQ, B
f
G and BG in the self-
energies in different cases. The rows are for different quark
actions and the columns for the gauge actions. BG = B
t
G +
2N2c−3
24N2c
BsG are split to two parts with different color structures.
BQ B
f
G
Wilson Iwasaki IwasakiHY P
Wilson 11.85 3.32 -4.22 -2.17
overlap -21.50 -13.58 -7.56 -0.72
Dc 0.16
BG
Wilson Iwasaki –
BtG -8.53 -0.05 –
2N2c−3
24N2c
BsG -10.97 6.61 –
BG -19.49 6.56 –
B. Mixings
The tree-level form of the quark traceless EMT is sim-
ple while that of the gluon EMT is quite complicated,
T {µν}Q,(0) = ψ¯(p)(
γµpν + γνpµ
2
− 1
4
gµνp/)ψ(−p), (36)
T {µν}G,(0) = Aaρ(p)Aaτ (−p)(− 2pµpνgρτ + pµpρgντ − p2gρµgντ + pτpνgρµ
+pνpρgµτ − p2gρνgµτ + pτpµgρν
−gµν(pτpρ − p2gτρ) ), (37)
where µ and ν denote the external Lorentz indices of
EMT. For the gluon operator T {µν}G,(0), we focus on the
coefficient of the term which does not vanish under the
following physical conditions
pρ = pτ = 0, p
2 = 0, (38)
where ρ and τ are the indices of the external legs [20].
With these conditions, the only non-vanishing Lorentz
structure is −2pµpνgρτ .
To avoid mixing with terms from the QCD equation
of motion, the ratio R
lat/MS
ij for the off-diagonal pieces of
the EMT are defined by the following equations (µ 6= ν),
〈Q|T {µν}Q |Q〉|pν=0 = RQQ
γνpµ
2
,
〈G, ρ|T {µν}Q |G, τ〉|ρ=τ 6=µ,ν,pρ=0= RGQ(−2pµpν),
〈Q|T {µν}G |Q〉|pν=0 = RQG
γνpµ
2
,
〈G, ρ|T {µν}G |G, τ〉|ρ=τ 6=µ,ν,pρ=0= RGG(−2pµpν), (39)
where |Q〉 and |G, σ〉 are the quark and gluon states with
the Lorentz index σ respectively. They are equivalent
to the renormalization conditions under the RI-MOM
scheme which can be chosen to be [4],
〈Q|T {µν},RQ |Q〉|pν=0,p2=µ2R =
γνpµ
2
,
〈G, ρ|T {µν},RQ |G, τ〉|p2=µ2R = 0,
〈Q|T {µν},RG |Q〉|p2=µ2R = 0,
〈G, ρ|T {µν},RG |G, τ〉|ρ=τ 6=µ,ν,pρ=0,p2=µ2R= −2pµpν .(40)
The R
T,lat/MS
ij of the trace-less diagonal pieces of the
EMT can be defined similarly,
〈Q|T {44}Q |Q〉|p=(k,k,k,k) = RTQQ(γ4p4 − p//4),
〈G, 3|T {44}Q |G, 3〉|p=(0,0,0,k)
− 〈G, 3|T {44}Q |G, 3〉|p=(k,0,0,0)= RTGQ(−2k2),
〈Q|T {44}G |Q〉|p=(k,k,k,k) = RTQG(γ4p4 − p//4),
〈G, 3|T {44}G |G, 3〉|p=(0,0,0,k)
− 〈G, 3|T {44}G |G, 3〉|p=(k,0,0,0)= RTGG(−2k2), (41)
where the superscript T is added in RTij , to distinguish it
from the ratio Rij in the off-diagonal case. Note that we
used a special condition for RTGG to remove the unwanted
parts proportional to p2 and get the correct component,
by taking the difference of two matrix elements with dif-
ferent external momenta.
The ratiosRMS andRT,MS are the same due to rotation
sysmmetry,
RMS ≡
(
RMSQQ R
MS
GQ
RMSQG R
MS
GG
)
=
(
1− g2CF16pi2 [ 83 log(µ2/p2) + 40−9ξ9 ] 0 + g
2Nf
16pi2 [
2
3 log(µ
2/p2) + 49 ]
0 + g
2CF
16pi2 [
8
3 log(µ
2/p2) + 229 ] 1− g
2Nf
16pi2 [
2
3 log(µ
2/p2) + 109 ]− g
2Nc
16pi2 (
4
3 − 2ξ + ξ
2
4 )
)
+O(g2)OE.O.M. +O(g
2)OG.V. +O(g
4) (42)
8where OE.O.M. and OG.V. label operators proportional
to the equation of motion, and those operators which
are gauge variant (including the ghost operators) respec-
tively. It is also the 1-loop matching coefficients that
convert the renormalized EMT in the RI/MOM scheme
to the MS scheme, when the condition p2 = µ2R is applied.
We have computed the 1-loop correction for all those
terms of T {µν}G,(0) and have confirmed they are in good
agreement with Ref. [20] which is a good reference for
details not presented here.
Combining with Rlat, we can get the renormalization
matrix in the MS scheme for the EMT on the lattice,
(
T µν,MSQ
T µν,MSG
)
=
 1− g
2CF
16pi2 [
8
3 log(a
2µ2) + 409 +BQQ] 0 +
g2Nf
16pi2 [
2
3 log(a
2µ2) + 49 +BGQ]
0 + g
2CF
16pi2 [
8
3 log(a
2µ2) + 229 +BQG] 1− g
2Nf
16pi2 [
2
3 log(a
2µ2) + 109 +B
f
GG]
− g2Nc16pi2 ( 43 +BGG)
( T µν,latQT µν,latG
)
+O(g4)
(43)
where BQQ, BGG and B
f
GG are the finite pieces in the 1-
loop corrections of the quark and gluon EMT operator,
BQG and BGQ are the finite peices in the 1-loop mixing
between those two operators.
They can be obtained numerically and their values in
different cases (the quark and gluon actions) are listed
in Table II. The values with the superscript T are the
finite pieces in the traceless diagonal part of EMT and
those without it are in the off-diagonal part. In the table,
BGG = B
v
GG +B
v.t.
GG −BG where the three terms are the
contributions from the gluon EMT operator vertex with-
out the tadpole term in Eq. (21), that tadpole term in the
vertex, and the gluon self-energy contribution. The con-
tribution of the tadpole term in the vertex is estimated
following the strategy in Sec. II C. Note that the mixings
from OE.O.M. and OG.V. are dropped here. The mixing
from the equation of motion operators given by OE.O.M.
should be the same in both lattice and continuum per-
turbation theory, which we have confirmed numerically.
The mixing from OG.V. is not relevant since the matrix
element of a gauge variant operator is zero in lattice sim-
ulations.
In Table II, we listed several combinations of quark
and gluon actions and the combined finite piece in the
MS scheme are listed in Table III. On the quark slide,
we listed the Wilson fermion and Overlap fermion (and
also the case with the chiral fermion action Dc in B
f
GG
since the correction with Dc is different from that with
the overlap fermion). Besides the case of the simplest
Wilson gluon action, we also listed the results with the
Iwasaki gluon action. In the simulation we proposed, we
use the 1-step HYP smearing on the gluon action used
for the fermion operator (marked as IwasakiHY P ), and
5-step HYP smearing for the gluon operator (marked as
O5HY Pg ), so one more column is added for this case. Note
that the gluon action in the gluon operator renormaliza-
tion case is still the original gauge action without any
HYP smearing.
Our BQQ, BQG and B
f
GG with Wilson action are con-
sistent with those in Ref. [4] except BGQ. We have con-
firmed that BQQ and B
T
QQ with the overlap action are
consistent with those in Ref. [8] if we use to the same ρ
in the overlap action and the same gluon action. Note
that the value of BQQ and B
T
QQ are much larger with the
overlap action than those with the Wilson fermion, if the
HYP smearing is not applied. The contribution of the
tadpole term in the vertex (Eq. (17)) can be canceled by
that in the quark self-energy in the Wilson fermion case,
but this cancellation is not valid in the overlap fermion
case.
IV. SUMMARY AND OUTLOOK
The numerical result of the mixing matrix that match
the lattice bare quantities to those under MS at µ = 1/a
with g2 = 3 (or β=2.0 equivalently) is given for the case
of the chiral fermion Dc EMT operator with 1-step HYP
smeared Iwasaki gauge link and 5-steps HYP smeared
gluon EMT opeartor,(
T MSQ
T MSG
)
=
(
1.0202 0.0123Nf
0.1565 2.08(25)− 0.0239Nf
)( T latQ
T latG
)
+O(g4), (44)
for the off-diagonal part of T µν and(
T MSQ
T MSG
)
=
(
1.0175 −0.0069Nf
0.1528 1.84(18)− 0.0239Nf
)( T latQ
T latG
)
+O(g4), (45)
for the traceless diagonal part with the uncertainties com-
ing from the estimate of the tadpole contributions. The
1-loop correction of the gluon operator is large which
indicates the convergence problem for the perturbative
series.
Since the major contribution in this large correction
comes from the tadpole in the gluon vertex and self-
energy corrections, the cactus improvement [21] proce-
dure which resums major tadpoles contributions in order
to achieve better convergence properties in lattice pertur-
bative theory, would be helpful here. We will turn to the
9TABLE II. The finite pieces BQQ,GQ,QG,GG and B
f
GG in the mixing between the quark and gluon EM tensor in different cases.
The values with the superscript T are the finite pieces in the traceless diagonal part of EMT and those without it are in the
off-diagonal part. The value of BGG are split to several terms and the sum of them are listed in the last column. The values are
those in the feynman gauge since the gauge dependence should vanish in the final renormalization matrix under MS scheme.
See the text for more details.
BQQ B
T
QQ BGQ B
T
GQ
Wilson Iwasaki IwasakiHY P Wilson Iwasaki IwasakiHY P
Wilson -3.17 -2.59 -1.53 - 1.88 - 2.10 -1.39 0.21 -0.56
overlap -36.96 -20.00 -5.25 -36.40 -19.78 -5.14 0.21 -0.81
BQG B
T
QG B
f
GG = B
f
G
Wilson Iwasaki IwasakiHY P Wilson Iwasaki IwasakiHY P
+O5HY Pg +O
5HY P
g
Wilson - 5.82 -2.16 3.65 - 9.89 -3.50 3.50 -2.17
overlap - 4.91 -1.58 3.79 - 9.03 -3.12 3.64 -0.72
Dc 0.16
BGG B
T
GG
Wilson Iwasaki Iwasaki Wilson Iwasaki Iwasaki
+O5HY Pg +O
5HY P
g
BvGG 0.57 3.13 0.92 2.47 4.94 1.25
Bv.t.GG -35.47 -0.3(14.4) -14.6(4.1) -28.9(21.8) 9.1(13.8) -10.4(3.1)
-BG 19.49 -6.56 -6.56 19.49 -6.56 -6.56
total -15.58 -4.0(14.4) -20.5(4.4) -6.9(21.8) 7.5(13.8) -15.7(3.1)
TABLE III. The finite pieces in the MS scheme. The values with the superscript T are the finite pieces in the trace-less
diagonal part of EMT and that without it are those in the off-diagonal part. The values reflect the difference between the
lattice bare matrix elements and that in the MS scheme
40
9
+BQQ
40
9
+BTQQ
4
9
+BGQ
4
9
+BTGQ
Wilson Iwasaki IwasakiHY P Wilson Iwasaki IwasakiHY P
wilson 1.27 1.85 2.91 2.56 2.34 3.05 0.65 -0.12
overlap -32.52 -15.56 -0.81 -31.96 -15.34 -0.70 0.65 -0.37
22
9
+BQG
22
9
+BTQG
10
9
+BfGG
Wilson Iwasaki IwasakiHY P Wilson Iwasaki IwasakiHY P
+O5HY Pg +O
5HY P
g
wilson - 3.38 -0.28 6.09 - 7.45 -1.06 5.94 -1.06
overlap - 2.47 -0.86 6.23 - 6.59 -0.68 6.08 0.39
Dc 1.27
4
3
+BGG
4
3
+BTGG
Wilson Iwasaki Iwasaki Wilson Iwasaki Iwasaki
+O5HY Pg +O
5HY P
g
BGG -14.25 -2.7(14.4) -19.2(4.4) -5.6(21.8) 8.8(13.8) -14.3(3.1)
non-perturbative renormalization with RI/MOM scheme
with the conditions listed in Eq. (39)-(41) in the future to
better investigate the renormalization of the quark and
gluon momentum fractions.
ACKNOWLEDGMENTS
This work is supported in part by the U.S. DOE Grant
No. de-sc0013065, DE-FG02-93ER-40762 and DE-AC02-
05CH11231. Y. Y. also thanks the Institute of High En-
ergy Physics, Chinese Academy of Science for its partial
support and hospitality. This material is also based upon
work supported by the U.S. Department of Energy, Office
of Science, Office of Nuclear Physics, within the frame-
work of the TMD Topical Collaboration.
[1] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997), arXiv:hep-
ph/9603249 [hep-ph].
[2] G. Corbo, E. Franco, and G. C. Rossi, Phys. Lett. B221,
367 (1989), [Erratum: Phys. Lett.B225,463(1989)].
10
[3] G. Corbo, E. Franco, and G. C. Rossi, Phys. Lett. B236,
196 (1990).
[4] S. Capitani and G. Rossi, Nucl. Phys. B433, 351 (1995),
arXiv:hep-lat/9401014 [hep-lat].
[5] M. Deka et al., Phys. Rev. D91, 014505 (2015),
arXiv:1312.4816 [hep-lat].
[6] R. Horsley, R. Millo, Y. Nakamura, H. Perlt, D. Pleiter,
P. E. L. Rakow, G. Schierholz, A. Schiller, F. Winter,
and J. M. Zanotti (UKQCD, QCDSF), Phys. Lett. B714,
312 (2012), arXiv:1205.6410 [hep-lat].
[7] C. Alexandrou, M. Constantinou, K. Hadjiyiannakou,
K. Jansen, H. Panagopoulos, and C. Wiese, (2016),
arXiv:1611.06901 [hep-lat].
[8] R. Horsley, H. Perlt, P. E. L. Rakow, G. Schierholz,
and A. Schiller (QCDSF), Phys. Lett. B628, 66 (2005),
arXiv:hep-lat/0505015 [hep-lat].
[9] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, and
A. Vladikas, Nucl. Phys. B445, 81 (1995), arXiv:hep-
lat/9411010 [hep-lat].
[10] Y.-B. Yang, R. S. Sufian, A. Alexandru, T. Draper,
M. J. Glatzmaier, K.-F. Liu, and Y. Zhao, (2016),
arXiv:1609.05937 [hep-ph].
[11] M. Glatzmaier and K.-F. Liu, (2014), arXiv:1403.7211
[hep-lat].
[12] A. Alexandru, I. Horvath, and K.-F. Liu, Phys. Rev.
D78, 085002 (2008), arXiv:0803.2744 [hep-lat].
[13] H. Neuberger, Phys. Lett. B417, 141 (1998), arXiv:hep-
lat/9707022 [hep-lat].
[14] A. Hasenfratz, R. Hoffmann, and F. Knechtli, Contents
of lattice 2001 proceedings, Nucl. Phys. Proc. Suppl. 106,
418 (2002), [,418(2001)], arXiv:hep-lat/0110168 [hep-lat].
[15] S. Capitani, Phys. Rept. 382, 113 (2003), arXiv:hep-
lat/0211036 [hep-lat].
[16] H. H. Patel, Comput. Phys. Commun. 197, 276 (2015),
arXiv:1503.01469 [hep-ph].
[17] M. Luscher and P. Weisz, Nucl. Phys. B445, 429 (1995),
arXiv:hep-lat/9502017 [hep-lat].
[18] R. Horsley, H. Perlt, P. E. L. Rakow, G. Schierholz,
and A. Schiller (QCDSF), Nucl. Phys. B693, 3 (2004),
[Erratum: Nucl. Phys.B713,601(2005)], arXiv:hep-
lat/0404007 [hep-lat].
[19] P. Weisz and R. Wohlert, Nucl. Phys. B236, 397 (1984),
[Erratum: Nucl. Phys.B247,544(1984)].
[20] J. C. Collins and R. J. Scalise, Phys. Rev. D50, 4117
(1994), arXiv:hep-ph/9403231 [hep-ph].
[21] M. Constantinou, H. Panagopoulos, and A. Sk-
ouroupathis, Phys. Rev. D74, 074503 (2006), arXiv:hep-
lat/0606001 [hep-lat].
